
Vol. 5 ,  No. 6,  November-December 1972 EXACT SQUARE RADII DISTRIBUTIONS FOR MACROMOLECULES 705 

neglect the overlap integrals such as the INDO or MIND0/2 
calculation. 4-5 The energy gap between the highest filled 
and lowest unfilled bands is equal to A = 5.16 eV. This value 
is not unreasonable and is considerably less than the gap cal- 
culated with more sophisticated  approximation^.^-^ The 
charge distribution is given in Figure 1. The carbon atom 
has a negative charge 6 - ,  while the INDO and MIND0/2 
calculations yield a slightly positive charge on ~ a r b o n . ~  

The band structure obtained without neglecting overlap is 
also shown in Figure 2. Here, the unoccupied bands are 
larger than the occupied ones. A similar result was obtained 
by Imamura with a different set of parameters3 Therefore, 
the widening of the upper bands must be due entirely to the 
inclusion of overlap integrals. The energy gap A in this case 
is equal to 3.67 eV. This value would put polyethylene on 
the line between semiconductors and insulators. Experi- 
mental measurements of conductivity show that polyethylene 
is an insulator; therefore, the above-mentioned value of A 
seems rather unlikely. The charge distribution is also over- 
estimated (Figure 1). The inclusion of more neighbors in 
calculating the elements in eq 3 and 4 does not seem to im- 
prove the results significantly, as is apparent from Imamura’s 
work. It might be concluded that the results obtained 
neglecting overlap are more reasonable than the results of 
the other method. 

(ii) Polyglycine. The qualitatively satisfactory results 
obtained in the case of polyethylene with the first method 
(overlap neglected) has encouraged us to further test the 
method on a-helical polyglycine, Figure 3. The energy band 
structure obtained is shown in Figure 4. This structure is 
similar to what is obtained from more sophisticated methods 

of calc~lat ion.~ The energy gap width A is equal to 1.4 eV. 
According to this value polyglycine would be a semiconductor. 
Qualitatively speaking, this result should not be surprising, 
since DNA and proteins are known to be semiconductors. 
The experimental values reported for DNA vary from 1.8 
to 5 eV.7r8 Figure 3 shows the charge distribution. The signs 
of the charges agree with those obtained from INDO and 
MIND0/2 calc~lat ions.~ The charges on the C-0 bond 
seem, however, slightly overestimated. 

Conclusion 

The width of the energy gap between the higher occupied 
band and the lower unoccupied (conduction) band, A, is very 
sensitive to the parametrization procedures. The first 
method proposed in this work seems to give reasonable quali- 
tative results. The quality of the calculated band structure 
might be further improved by properly rescaling the parame- 
ters in eq 6 and 7. Although we do not expect this method 
to give precise energy bands, in general, we do think that it 
would give a reasonable qualitative description of the elec- 
tronic structure of the periodic and semiperiodic polymers 
which may be helpful in interpreting their chemical and 
physical properties. 
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ABSTRACT: Analytical relations in the form of series containing ( N  - 1)/2 terms have been derived for distribution func- 
tions of the square radius of gyration Sz and of its random orthogonal components Sk2 for random-flight ring chains with an 
odd number of bonds N .  In the limit for N -c a, the convergence of the infinite series becomes slower as the argument sk2 
approaches zero; therefore, for the region of very small Sk2 a different asymptotic formula is recommended. As has been 
observed for linear chains, the convergence of the distribution functions with growing N to their limiting forms for N - 
is fast; however, the distributions for rings are considerably sharper, with their maxima closer to the average values of the 
arguments, than is the case for linear chains. 

he distribution of the square radius of gyration S2 for T random-flight chains is a function of primary importance 
for any size-dependent property of flexible macromolecules. 
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Whereas many papers’-11 have been published on analytical 
properties and numerical solutions of square radius distribu- 
tions for linear chains, there seem to be no such data on mole- 
cules with other structures. During a recent study1* of the 
shape characteristics of random-flight chains with various 
structures it occurred to us that the square radius distribu- 
tion for ring macromolecules is especially easy to obtain in 
a simple form; rings with an odd number of bonds were the 
only structure with the characteristic function lacking branch 
points in the complex plane. In view of this unique property 
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of ring molecules, it seemed worthwhile to investigate their 
distributions, although the practical usefulness of the re- 
sults may be limited by lack of experimental data. Also, 
the trend shown by ring molecules, as compared to linear 
ones, should be similar to that of branched molecules, which 
are more difficult to analyze. 

For our calculation, we adopt the widely used random- 
flight model in which the ring macromolecule is approximated 
by N equivalent points of unit mass connected by N spring- 
like bonds. The probability distribution of a bond vector 
r is assumed to be 

p(r) = (2ru2/3)-*/2 exp[-(3/2u2)r.r] (1) 

where u2 is the mean-square bond length; i .e.,  both short- 
and long-range interactions are neglected. We are interested 
in the distributions of the square radius S2 E S32 and of its 
random orthogonal component, Sl2, as well as of the sum of 
two random orthogonal components, S22. It has been 
shown elsewhereI2 that these distributions for ring macro- 
molecules can be written as the integral 

k = 1, 2, 3 (2) 

where 8 = arccos (1 + iA‘) and A’ = Aa2/3N. From eq 2 
it is apparent that in the interval 0 < 0 < 2 a  the denominator 
of the integrand has N - 1 roots of multiplicity k 

A,‘ = 2i sin2 (mir/N), m = 1, 2, , , . , N - 1 (3) 

Not all the roots are, however, different; for N odd there 
are only ( N  - 1)/2 different roots of multiplicity 2k, whereas 
for N even there are (N/2) - 1 roots of multiplicity 2k and 
one root, X N I P ‘  = 2i, of multiplicity k.  For the sake of brevity, 
we denote (N - 1)/2 = Nl and (N/2) - 1 f N2. 

The nature of these singular points can be better investi- 
gated by using another form of eq 2 obtained by substituting 
Chebyshev polynomials 

Un(l + ix’) = sin [(n + l)O]/sin 8 (4) 

Since Chebyshev polynomials are defined only for integer n, 
eq 2 then yields two different forms depending upon whether 
N is even or odd 

ezXSrz SIm P(Sk2) = (2~)-’(N/2)~ 

(1 + 1/ziA’)-k’2UN2-k(l + iA’) dA, N even (5a) 

P(Sk2) = (27r)-lNk s:m ezXsk2[UNl(1 + iA’) + 
UNl-i(l + iX’)]-’dA, N odd (5b) 

Considering now the fact that the Chebyshev polynomials can 
be decomposed into products 

n 

Un(l + iX’) = 2q-J [i(A’ - A,’)] (6) 

where A,’ is a zero of the polynomial Un(l + A’), we note 
immediately from eq 5 the difference in type of singularities. 
For N odd, the denominator of the integrand in eq 5b can 
be written as the kth power of a polynomial of the Ndh order 
with Nl different roots given by eq 3. Therefore, the inte- 
grand of eq 5b has Nl poles of order k, and can be easily eval- 

m= 1 

uated by using the residue theorem. On the other hand, 
for N even, the integrand of eq 5a for k = 1, 3 has a branch 
point, hb’ = 2i, in addition to N2 poles of order k, and the 
solution of the integral would have to include also the numer- 
ical integration along the branch cut. Only for k = 2, 
i.e., in the case of the distribution P(S22), is this branch point 
replaced by a simple pole so that the residue theorem can 
be applied again. This convenient behavior of the characteris- 
tic function for P(S22) occurs quite generally, and P(S22) can 
be calculated analytically for linear, starlike, and comblike 
macromolecules. 2 

Rings with Odd Number of Bonds 

distribution function P(Sk2) can be also written as 

P(Sk2) = eihSk* n [i(A’ - A,’)]-kdA (7) 

with A,‘ given by eq 3. Now we can proceed to evaluate the 
integral. The integration path can be closed by an infinite 
counterclockwise semicircle in the upper half of the complex 
plane, and the integral in eq 7 expressed as the sum of resi- 
dues a 

From the preceding discussion it follows that for N odd the 

NI 

S-=m m = l  

( - i ) k -  1°C 
P(Sk2) = 2kN1(k - I)! X 

The incomplete product needed in eq 8 is obtained from eq 
2 and 7 

and its limit (as well as the limits of its derivatives) for A ’  + 

Az’ are then calculated by applying L‘Hospital’s rule. This 
procedure yields the following results for the normalized dis- 
tributions of reduced square radii, S k , r 2  = Sk2/(NU)2 

P(Sl,,*) = 12C(-1)z+1N2 sin2 y L  cos y z  X 
2 

e ~ p ( - 6 N ~ S 1 , , ~  sin2 rJ) (loa) 

[12N4S2,,2 sin4 1 cos2 y 1  + 
N 2  sin2 yz(4 sin2 y 1  - 311 (lob) 

P(S&,,2) = 12C(-l)’+’ 1 cos yz x 
e ~ p ( - 6 N ~ S ~ , , ~  sin2 yz)(72N6S3.,4 sin6 y z  X 

cos2 y 1  + 18N4S3,,2 sin4 7z(4 sin2 y z  - 3) + 
N2 sin2 7 1[6 + 1/2N2 sin2 yz( l  - 25N-2)]\ (1Oc) 

where the summation over I extends from 1 to Nl and yz E 
la/N. 

In the limit for N - co and Sk,,2 > 0, only the terms with 
finite 1 are important, and thus the approximations N sin yz 
la and cos y z  N 1 may be used. The relations for the dis- 

(13) R. V. Churchill, “Complex Variables and Applications,” 
McGraw-Hill, New York, N. Y., 1960, Chapter 7. 
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TABLE 1 

OF DISTRIBUTION FUNCTIONS GIVEN BY EQ 100 
SOME FINITE TRIGONOMETRIC SERIES USEFUL FOR INTEGRATION 

Z(- l)m+1 cos (rnr/N) 
k sin-2k (rnrIN) 2 sin-Zk (rnrIN) 

1 (1/12)(N2 - 1) (1/6)(Nz - 1) 

3 (1/30,24O)(N2 - 1)(31N4 + (1/9450)(N2 - l)(10N4 + 2 (1/720)(N2 - 1)(7Nz + 17) (1/90)(Nz - 1)(N2 + 11) 

178N2 + 367) 

0 The results hold for N odd; the summation over rn goes from 

103N2 + 103) 

1 to (N - 1)/2. 

tribution functions are then simplified to infinite series 

lim P(Sl , ,2)  = 12~(-1) '+1127r2 e ~ p ( - 6 S ~ , , ~ 1 ~ 7 r ~ )  

lim P(S2,,2) = 3 6 x l Z n 2  X 

( l la )  
N + m  1 

N + m  2 

- 1) ( l lb )  

Iim P(S~ , ,Z )  = 12x(-1)'+1127r2 X 
N-bm 1 

exp(- 6S3,,2127r2)(72S3,,4147r4 - 
54Ss,,Z12~2 + 1 / 2 1 2 ~ 2  + 6) (11~)  

Although these series are bound to diverge for Sk2 = 0, their 
convergence in the region of practical interest is very fast. 
For instance, in order to guarantee relative accuracy for 
P(S3,72) better than 10-6, one need use only the first term if 
S3,,Z > 0.1, two terms if S3,,2 = 0.05, and seven terms if 
S3,,2 = 0.015. However, the numerical calculation in the 
range of very small S k , , '  becomes difficult because of large 
round-off errors. In this region it is preferable to use the 
asymptotic relation derived by the saddle-point method, 
as has been done for linear chains by Fixmanl and Coriell 
and Jackson6 

Owing to the divergence at S k 2  = 0 of the series in eq 11, these 
limiting relations must not be used for any operations in- 
volving integration over Sk2;  in such cases the formulas in 
eq 10 for finite N have to be used and the limits for N + m 

subsequently taken. Some trigonometric identities which 
might be useful for this purpose are given in Table I. They 
were obtained by comparing the moments (Sk,,2u) of the dis- 
tributions P(Sk,,Z), eq 10, with the more generally defined 
moments (Q"), given by eq 6 of ref 12. 

The convergence of the reduced distribution functions 
for ring molecules with increasing N to their limiting form is 
quite fast. As shown in Figure 1, the distribution function 
for N = 15 is already close to the limiting dependence. For 
instance, at S3,,2 = 0.07, the deviations of the distributions 
for N = 25, 49, and 99 from the limiting value for N -+ m 

are only -0.96, -0.25 and -O.O6X, respectively. 
The square radius distributions for linear and ring chains 

with N + are compared on Figure 2. The data on linear 
chains are taken from the paper by Fujita and Norisuye.8 
In both cases the square radius coordinate is divided by its 
average Even in this reduced plot, the distribution 
for rings is clearly narrower, approaching zero faster for 
large values of the argument, with its maximum closer to 
the average than is the case for linear chains. All of these 
features become even more apparent in the nonreduced plot 

l 5  t 

0 0.1 ss 0.2 

Figure 1.  Ring size dependence of the square radius distribution 
function P(S23. , ) .  The numbers of bonds are indicated at each 
curve. On this scale the distributions for N = 49 and N - t  m are 
indistinguishable from the plotted distribution for N = 99. 

\ 

0 1 2 sf/(sf> 3 

Figure 2. Comparison of the limiting square radius distributions 
with N + m for linear (1)  and ring (2) macromolecules. The 
dependence for linear chains has been calculated by Fujita and 
Norisuye.8 

P(S3,,2). Obviously, because of the constraint imposed on 
the ends of a linear molecule by closure to a ring, a ring mole- 
cule is much less willing to change its most probable size 
than a linear one at the same driving force. However, when 
the chains are being compared in the same medium, the above 
mentioned effect is overriden by higher segment density in 
the ring molecule and the ring expands faster than the linear 
chain, as is indicated by the first-order perturbation theory 
for both types of chains.I4-l6 

Rings with Even Number of Bonds 

the two-dimensional distribution function P(Sz2) given as 
In this case the simple analytical solution exists only for 

P(S22) = (2~)-1N22-" e lhs?2  s x  
(14) B. H. Zimm, W. H.  Stockmayer, and M. Fixman, J .  Chem. 

Phvs..  21. 1716 11953). 
{I$ M .  Fixman: ibid., 23, 1656 (1955). 
(16) E. F. Casassa, J .  Polym. Sci., Part A ,  3, 605 (1965). 
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Using again the residue theorem, we obtain the relation 

P(S2,r2) = 12 -N2 e ~ p ( - 6 N ~ S ~ , , ~ )  + {: 
e ~ p ( - 6 N ~ S ~ , , ~  sin2 y1)[lZN4S2,r2 sin4 y I  cos2 y I  + 

1 

N2 sin2 y1(4 sin2 y z  - 3)1} (14) 

differing from the corresponding function for N odd, eq lob, 
only by the first term and the summation extending from one 
to N2. With increasing N the f is t  term diminishes rapidly 
and goes to zero for N + m , as can be expected. Of course 

Macromolecules 

both eq 10b and 14 should represent the same family of func- 
tions and, accordingly, they can be transcribed in the form 
which is independent of whether Nis  even or odd 

P(S2,r2)  = 6 
N - 1  

1=1  
e ~ p ( - 6 N ~ S z , ? ~  sin2 yz) x 

[12N4S2,r2 sin4 y z  cos2 y z  + 
N 2  sin2 yI(4 sin2 y I  - 311 (15) 
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ABSTRACT: The three-dimensional conformations of polypeptide chains were studied by the Monte Carlo calculation. A 
simplified model was proposed for the randomly coiled conformation of poly(L-alanine). The conformations generated were 
classified into “allowed” and “disallowed” conformations, according to the size of the nonbonded interaction energies calcu- 
lated by use of the Lennard-Jones potential function for pairs of atoms and atomic groups. The chains formed by allowed 
conformations are equivalent to the “non-self-intersecting chains” usually used. The mean-square end-to-end distance (R2) 
and the mean-square radius of gyration (S2) obtained by taking into account the long-range interaction for randomly coiled 
chain conformations were essentially consistent with those previously obtained by Monte Carlo calculations based on lattice 
and nonlattice models. Unperturbed dimensions were also calculated by two different methods. One was a Monte Carlo 
method in which checking of atomic overlaps was omitted, and the other an exact calculation employing conformational statis- 
tics of polymer chains. These unperturbed dimensions were compared with perturbed dimensions obtained by a non-self-in- 
tersecting chain model. 

ecently statistical-mechanical treatments of polymer chain R conformations have been successfully applied to the 
calculation of unperturbed chain dimension of polypeptides 
by Flory and his cow~rkers l -~  and later by ourselves.6-8 
These theoretical treatments were supported by experimental 
r e ~ u l t s . ~ - ~ ~  Theoretical studies have also been carried out 
to predict the stability of helical conformations.12-15 In all 
the studies mentioned above calculations of conformational 
energy were performed on the basis of available information 
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on the potential of interaction between nonbonded atoms 
and atomic groups. The hard-sphere model16.17 was useful 
only to classify conformations which are sterically allowed 
and not allowed. The energy calculation methods using 
semiempirical potential functions made possible evaluation of 
the most stable helical structure, and the stability or statistical 
weight of various conformations in the random-coil state. 
In the statistical-mechanical treatments of chain confor- 
mations and helix-coil transitions, polypeptide chains have 
been regarded as one-dimensional cooperative systems gov- 
erned by short-range interactions. Accordingly, the con- 
formational properties obtained there are compared with 
those observed experimentally in the 0 state. 

Long-range interactions or excluded volume effects should 
play an important role in randomly coiled conformations in 
the nonideal state for biopolymers and their synthetic analogs, 
by analogy with ordinary polymers. The excluded-volume 
problems in polymer chains have been studied with the Monte 

Carlo method by a number of investigators. Wall, et a1.,18 
have used a method based on the non-self-intersecting random 
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